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Docking Dynamics for Rigid-Body Spacecraft

Carr GruBIN®
Logicon, Inc , Redondo Beach, Calif

A generic analysis of rigid-body docking dynamics from initial physical contact of the two
spacecraft to final latching is presented The results can be used to estimate the reaction
forces and torques on the main craft, and its resulting motion with respect to space for arbi-
trary contact conditions and a prescribed relative motion of the rendezvous craft The docking
interval is separated into three phases: initial contact, continuous maneuver, and latching
The first and third phases are analyzed as impulsive, whereas the second phase occurs over a
finite time Two simple examples of possible docking maneuvers are presented to illustrate the

results

Introduetion

ARIOUS proposed space systems require two spacecraft
to rendezvous and ultimately dock, i e, to be rigidly tied
together in space in order to transfer men, supplies, or equip-
ment Hereafter, the spacecraft which is already in orbit (or
conceivably in deeper space) will be designated the main ve-
hicle M, while the second will be called the rendezvous vehicle
m  An exact analysis of the dynamics of any particular sys-
tem depends, of course, upon the selected mechanisms for the
docking and latching (see, for example, Ward and Williams®)
The purpose here, however, is not to propose any specific
mechanism but rather to present a general analysis which
reveals the effect of the significant docking parameters Some
of these parameters are attitude misalignments between the
vehicles at the initiation of the docking, initial vehicle rates,
and the docking rate, ie, the rate at which the vehicles are
drawn together Such information is necessary, for example,
in designing an attitude control system for main vehicle
stabilization during the docking
We consider the docking interval to begin at the time of
initial physical contact between the two vehicles, and to end
when all relative motion between them has ceased At this
time they become a single rigid body latched together in a
predetermined fashion Since we are not analyzing any
specific technique, we have attempted to present a generalized
analysis applicable to many docking techniques Accord-
ingly, it appears that the docking interval may be separated
into three more or less distinet phases: the initial contact, a
continuous maneuver, and the latching
The initial phase starts with the first physical contact be-
tween the two vehicles; in general there will be errors in their
linear and angular positions relative to the position they must
finally achieve in order to successfully latch together De-
pending on the precise mechanical arrangement there could
very well be a succession of “bumps” and separations How-
ever, shortly after contact at least one point on each of the
vehicles will be common to both, and a definite docking
maneuver will be under way This first phase should be of a
relatively short duration and is assumed impulsive Thus,
the viewpoint is that at ¢ = 0 the vehicles collide with given
initial linear and angular velocities and a given relative atti-
tude There is, effectively, an impulsive collision between
them involving negligibly small position and attitude changes
such that, at the conclusion of the collision, the rendezvous
vehicle has a prescribed linear and angular velocity relative
to the main vehicle The first problem is to determine the
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final dynamical state of both vehicles, given the initial state
and the prescribed relative rates

The existence of the second phase, the continuous maneuver,
is implied by initial position or attitude errors That is, al-
though velocities can be changed more or less impulsively,
position or angular changes require a finite time in which to be
effected Thus, during the second phase the rendezvous ve-
hicle is moving relative to the main vehicle in translation and
rotation From our viewpoint it is necessary to prescribe
realistic relative motions in order to pursue the analysis, since
no specific system is under consideration The relative motion
of the rendezvous vehicle implies the existence of reaction
forces and torques on the main vehicle General equations
for the dynamics of a main vehicle which contains an arbi-
trary number of moving parts have been presented, with
varying approaches, by Roberson,? Abzug,® and Grubin ¢
Similar equations are presented here for the relatively simple
cage of only one moving part The second-phase analysis
consists of formulating and solving the equations of motion
for the main vehicle for a prescribed relative motion of the
rendezvous vehicle, using as initial conditions the dynamical
state at the conclusion of the first phase The second phase
terminates when the two vehicles are in the correct position
and attitude for latching

The third phase consists of latching the vehicles
together Two dynamical possibilities exist here, depending
on the motion during the second phase The first pos-
sibility is that a control system has been in operation such
that at the time the rendezvous vehicle arrives at the latching
position, all relative linear and angular velocities between the
two vehicles are zero The latching then becomes trivial dy-
namically since, in principle, no forces or torques are required
to secure the rendezvous vehicle ¥ The other possibility is
that relative velocities do exist, so that latching implies reac-
tion forces and torques on the main vehicle as these relative
velocities are reduced to zero The latching interval should
be short and will be treated here as impulsive The third-
phase analysis determines the latching force and torque, and
the final motion of the two vehicles together as a single rigid
body

The first part of the paper presents the analyses for the
three phases; in the second part the results are illustrated by
two examples of possible docking schemes The first example
illustrates the effect of a position deviation between the initial
contact point and the latching point The second example
illustrates the effect of an attitude deviation at contact rela-
tive to the latching attitude

1 As a generalization of this, it is theoretically possible for the
vehicles to collide with essentially zero relative velocity, and to be
in the correct relative position and attitude for the latching In
such a case the vehicles can be immediately latched and there are
no dynamics at all
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Docking Dynamics

Initial Contact

The initial phase is depicted in Fig 1  Prior to contact (¢ =
0—) the two vehicles have arbitrary linear and angular
velocities and attitude orientation The points of contact on
each vehicle are designated as Ci and C,, respectively, and
of course are in spatial coincidence at t = 01 We assume
that the net effect of the initial action of the docking mecha-
nism is to generate impulsive forces and torques between the
two vehicles, such that immediately after contact, point C,,
has a prescribed velocity § relative to point Ca (although the
points are still spatially coincident), and the rendezvous ve-
hicle takes on a preseribed angular velocity u, relative to the
main vehicle §

Since there are no external impulsive forces during the first
phase, the linear momentum of the system is conserved
Similarly, there are no external impulsive torques, so the
angular momentum of the system is conserved with respect
to any inertial origin or the CMC (combined mass center)
We choose as origin for the angular momentum equation an
inertial point instantaneously coincident with the contact
point Two more conditions follow from the kinematies of the
prescribed relative motion To express these conditions
analytically we use the notation

M,m = the masses of the main and rendezvous ve-
hicles
gUo,uo} = the linear velocities of the mass centers of M
Vo,vo and m before% the collision!
after
_ L before
Ao = the angular velocities of M and m g after %
L, the collision
{Eo, () % = the angular momenta for M and m referred to
Ho,ho their individual mass centers before} the
after
collision
Pp = the position vectors from the contact point to

the individual mass centers
The equation of linear momentum yields
MUy + muy = MV, + mvy (1)
The equation of angular momentum yields

(Bo+ MP X Uy) + (6 + mp X ug) =
(Ho+ MP X Vo) + (hh+mp X vy (2

The kinematical conditions are
Vot p Xeaw] — [Vo+ P X ] =q 3
Wy — Qo = Wo (4)

Equations (1-4) are supplemented by the equations relating
Ho, ho to Qo, (6T}

Hy = E;[[:(Q0 Eb)] (5)
hO (J;k = 1) 21 3) (6)

In Eqgs (5) and (6) note first that we are using the summa-
tion convention on repeated subscript indices In (5), E; are
unit vectors along a set of rectangular axes X; fixed in M with
origin at the mass center of M, and I;;1s the inertia tensor for

I

e;ltin(wo er)]

I In general, capital letters refer to the main vehicle, smal
letters to the rendezvous vehicle

§ Subseript 0 in W, refers to ¢ = 0, while subscript ¢ in 4, refers
to the contact point Since contact occurs only at ¢ = 0, it is
unnecessary to write .,

I All linear and angular velocities are with respect to inertial
space unless otherwise noted
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Fig 1 Initial contact: a)before contact, b) after contact

M referred to axes X; # Unit vectors e; and inertia tensor
1 have similar meanings with respect to a set of axes z; fixed
in m, whose origin is at the mass center of m Axes X;, z;need
not be principal axes nor need they be parallel in the general
case The angular momenta prior to contact can be similarly
expressed:

= = E;[I;:(Ae Eb)] )
6 = e;[1;s(% er)] 8)

By substitution of Eqs (5-8) into (2), Eqs (1-4) then de-
termine Vo, vo, L, and oo as functions of the initial dy-
namical state and the prescribed relative velocities 4 and uo
Since (1-4) are linear algebraic equations, a general solution
could be obtained However, this does not seem particularly
useful; instead, specific solutions will be given later in the
examples

1t is also of interest to determine the impulsive foree and
impulsive concentrated torque which exist between M and m
in order to enforce the prescribed relative motion ** If we
designate the force and torque as I and = acting on M, they
are determined by applying the equations of linear and angu-
lar momentum to J alone These equations are

MU, + 1, = MV, 9
S+ T XP)++ =H, 10

where the reference point in (10) is the mass center of M In
(9) and (10), Vo and Hy are determined by Egs (1-8), so that
I, is determined by (9) and then = follows from (10) The
force and torque on m are, of course, —1, —«

Summarizing the calculations, Eqs (1-4) supplemented by
(5-8) determine the final dynamical variables, and (9) and
(10) determine the action-reaction force and torque between
the two vehicles For practical calculations a coordinate sys-
tem needs to be selected for evaluating these vector equa-
tions Which system is most convenient depends on the

# According to the preceding formulation, the products of
inertia must be defined as the negatives of the conventional
products of inertia; for example, we define I, = Iy =
— S X XodM

** In the appendix we consider an alternate set of initial dy-
namical conditions wherein the torque is zero
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Fig 2 Continuous maneuver

particular problem; a usual choice is the X; system fixed in
the main vehicle

Continuous Maneuver

In the second phase of the docking, the rendezvous vehicle
is being continuously maneuvered into the correct linear and
angular position relative to the main vehicle in order to arrive
at the latching position The initial values of the dynamical
variables for the second phase are the final values from the
first phase The viewpoint in this section is to formulate the
equations of motion for the main vehicle for a prescribed rela-
tive motion of the rendezvous vehicle In a complete analysis
the dynamical equations for the docking mechanism itself
would also be considered, and they would couple in with the
equations presented below

Figure 2 shows the schematic upon which the analysis is
based The notation is: V, v are the velocities of the mass
centers of M and m, while Q, @ are their angular velocities,
where V, v, Q, o are continuous functions of time  Vector q
is the position vector locating the mass center of m relative to
M, and u describes the angular velocity of m relative to M
Thus ® = Q + u Itisq(f) and u(f) which describe the dock-
ing maneuver 1t

Again in Fig 2, vectors R(¢), r(f) locate the mass centers of
M and m relative to their combined mass center (CMC)
During the continuous maneuver the CMC wanders with re-
spect to either vehicle owing to the relative motion between
them The velocity of the CMC is designated as V¢, and
henceforth a superseript C will be used to designate all CMC
variables

The other parameters in Fig 2 are the weight forces W and
w; here we assume that the variation in the gravitational field
is negligibly small over the volume of the vehicles so that the
resultant gravitational force acts at the CMC We include
also a control force F acting on M through lever arm L as
shown If there are other control forces on M (or m), the re-
sults given below can be suitably generalized All other
natural forces such as, for example, solar radiation pressure
are assumed to be negligible We may now formulate the
dynamical equations for the system

The equation of linear momentum runs

Ve = g + F/(M + m) (11)

where V¢ is the inertial acceleration of the CMC and g is the
local gravitational acceleration Equation (11) will not yield
any further information until g is specified as a function of

1t More generally, the vector q can be selected to locate any
point in m relative to any other point in M  Carrying out the
analysis, one finds that the position vector which consistently
appears in the final results is the vector between the mass centers
Accordingly, q has been selected as previously

DOCKING DYNAMICS FOR RIGID-BODY SPACECRAFT 7

position and F is specified as a function of time or of other
variables The initial condition for (11) is

(M + m)VOC = ]VI'VO + mvy = .MUO -+ mug (12}

upon using Eq (1)
The angular momentum equation written with respect to
the CMC is

(d/dt)[(H+ MR XR) + (h+mr X£)]= (R+L) XF (13)
where H, h are as defined in (5) and (6), upon replacing &,
In (13) we can eliminate R and r by noting that, from Fig 2,
R+q=r

where the second of (14) follows from the definition of the
CMC
Solving (14),

R=—-(1+¢

MR + mr = 0 (14)

r=(1+e™q (15)

where e = m/M
Using (15), (13) becomes

@/dh)H +h + m(1 + ¢ ~'qg X 4] =
L— (14 e %] XF (16)

where ¢ is given below

Since H and h are linear functions of Q and © = Q + y,
and q(f), u(t) are prescribed, then (16) becomes the equation
for determining Q(f), the angular velocity of the main vehicle
When Q(?) is found, the main vehicle attitude can be obtained
by some suitable scheme such as Euler angles or direction
cosines

If the external forces are always zero during the second
phase, (16) yields

H+h-+ m04+ e~q X q = const a7

The constant in (17) is the value of the system angular momen-
tum with respect to the CMC at¢{ = 0+ (ort = 0—~) In
what follows it will be designated as Ho¢

When the external forces are not zero, the derivatives in
(16) may be explicitly required These are H, h, and §

To obtain H, start with H as [¢f (5)]

H = E,(I;%) (G, k=123 (18)

where , is the component of Q on axis X, ie, Q) =
QE;,

Now H = (dH/dt) as seen in an inertial system, so that to
keep the inertia tensor constant we have, in the usual way,

H = Q X E;(:2) + E;(1u) (19)
The expression for h is similar:

h = o X e;({wn) + e;(f;w) (20)

From the definition of g, it follows that ¢, q are the velocity
and acceleration of the mass center of m relative to that of M,
so that

Gd=QXaq+ ¢ (21)
i=Q@X@XQ+eXq+20xdq+§ (22

where q', q' are the velocity and acceleration of m relative to
M, as seen in a coordinate system fixed in M

Summarizing, the fundamental equations during the second
phase are Eqs (11), and (16) or (17) supplemented by Eqgs
(18-22) as required These equations are valid until time
t = T (T = docking time), when the vehicles are ready for
latching
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Fig 3 Latching: a) before latching, b) after latching

Latching

The concluding phase of the docking begins when the ren-
dezvous vehicle has arrived at the correct linear position and
attitude, relative to the main vehicle, for latching the two
vehicles together The over-all problem here is to determine
the final dynamical state and the latching force and torque

Figure 3 shows the schematic for the third phase Designat-
ing the second-phase interval as ¢ = 0 to ¢ = T (we are as-
suming that if both linear and angular maneuvers were
present in the second phase, both are completed in the same
time T7), we show the linear and angular velocities of M just
before latching in Fig 38a as Vy = V(T) and Qr = Q(7T),
where Q(T) is obtained from the solution to (16) or (17)
To obtain V7 use the definition of R (Fig 2) and Eq (15):

R=V—-Ve=—(1+eq 23)
sothatatt = T—
Vr = Vi@ — (14 ¢ ledr 29

where V7€ is obtained from the solution to (11) at ¢ = T and
qr follows from (21) as

Gr = Qr X qr + 47’ (25)

In Eq (25), qr, 47’ are to be evaluated from the prescribed
motion g(f) as ¢ = T from the left

The linear and angular velocities of m prior to latching are
vrand ar = Qr + ur Since Vz, Vi€ are given in the fore-
going, vr can be obtained from the equation

MVT + mvyp = (M + m)VTC (26)

although it is not needed explicitly in what follows

The other quantities in Fig 3 are Ry, rr, the position vec-
tors from the CMC to the individual mass centers, and Py,
the position vector from the latching point to the mass center
of M

In Fig 3b, the vehicles are shown rigidly latched together
The dynamical quantities are VzC, the linear velocity of the
CMC; Q¢ the angular velocity of the combined system;
and Ur, the velocity of the mass center of M  The angular
velocity of M is, of course, Qz¢

The latching phase, like the contact phase, is assumed to
have negligible duration Since there are no external im-
pulsive forces, the equation of linear momentum immediately
yields the result that VC(t) is continuous at ¢ = T, as already
indicated in Figs 3a and 3b

Similarly, since there are no external impulsive torques, the
angular momentum with respect to the CMC is also con-
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served Now from (16) the angular momentum at { = T'— is
Hr +hr + m(1 4 ¢ 7qr X §o @27

whereas at { = T4~ the vehicles constitute a single rigid body
with angular momentum

E[140(Qq° E9)] (28)

where E;¢ are unit vectors along a set of rectangular axes X ,¢
fixed in the combined vehicle with origin at the CMC, and
I;:¢ is the inertia tensor for the combined vehicle referred to
these axes I;C¢ is known since the attitude in which the
vehicles are latched is known Fquating (27) and (28),

Hr + hr + m(l + € 7qr X dr = E,C[1;:°(Q:° EL)] (29)

Since all other terms are known in (29), the final angular
velocity Q¢ can be found

To determine the concluding impulsive force and impulsive
concentrated torque applied at the latching point, apply the
equations of impulsive motion to M only Designating the
force as Iz acting on M, the equation of linear momentum
yields

MVy -1 = MUr = MV 4+ Q£ XRr)  (30)
and substituting from (24) for (V4¢ — Vr),
I: = m(1 + ¢7'4r + M(Qs° X Ryp) (31)

In (31), §ris given by (25) and Q1€ is obtained from (29)
Thus Iy is explicitly determined

To obtain the torque =z, write the angular momentum
equation for M using its mass center as origin  Thus,

Hr 1. X P47, = X (32)

where Hy is defined by (18) with ¢t = T and X7 is the angular
momentum of M referred to its own mass center at the con-
clusion of the latching Since the angular velocity of M is
Q7C,

Xy = E;[I#(Q:° En)] (33)

Also, Py is known and I is determined in (81), so that (32)
determines =z,

I
J a) Initial contact

« b) Continuous maneuver

6,

¢) Latching

Fig 4 Example 1
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Summarizing the third-phase calculations, the linear veloc-
ity of the CMC is obtained from (11) at ¢ = T, the final
angular velocity is obtained from (29), and the latching action-
reaction force and torque are obtained from (31) and (32)

This completes the basic calculations sccording to our
conception of the docking procedure The vector equations
are not too complicated, although component calculations for
a three-dimensional example can become laborious In what
follows we will illustrate solution of the equations for two
specific docking maneuvers

Example 1

We consider for our first example the system shown in Fig
4 1wo vehicles of identical shape, mass, and moment of
inertia approach each other as shown in Fig 4a At the in-
stant that the lower vehicle is directly underneath, a clamping
arrangement housed in the extended boom of the upper
vehicle grabs the boom on the lower vehicle so that all rela-
tive motion between the two vehicles effectively ceases except
in the direction perpendicular to their longitudinal axes The
assumed docking motion, Fig 4b, consists of drawing the
vehicles together into a final side by side configuration as
shown in Fig 4c¢ Insofar as drawing the vehicles together is
concerned, this scheme was adopted from one proposed by
Kamm,’ but we emphasize that otherwise what is considered
here is not intended to represent Ref 5

Figure 5 details all significant geometry, axes, and assumed
initial conditions prior to contact Only a two-dimensional
case is being considered; thus, all position and linear velocity
vectors have two components, whereas angular velocities and
angular momenta have only one component, which is perpen-
dicular tc the plane of the paper The coordinate system
chosen is a set of axes fixed in the upper vehicle (the main ve-
hicle), the unit vectors along these axes being Ey, Es, E; For
brevity, we will designate the components of any two-dimen-
sional vector A as

A= [4,,4,] (34a)
and any one-dimensional vector B as
B = [B;] (34b)

The assumed conditions prior to contact are that both ve-
hieles have identical linear velocities Uy along E;; the upper
vehicle has zero angular velocity, whereas the lower has angular
velocity Ao, and the vehicles are parallel as regards their
attitude The mass of each vehicle is M, and the moment of
inertia of each vehicle about its own mass center is I The
docking problem is to draw the lower vehicle toward the
upper vehicle (or the other way) until the two are in their
final side-by side configuration as shown in Fig 4c

Initial Contact

Using the notation for vectors introduced in Eq (34) and
comparing Figs 1 and 5, the initial data are

Uy = [Uy,0] 1o = [Uo,0)
Ao = [0] Q= [Ao] (35a)
P = [—ab] P = [—a,—b]
The initial relative motion is prescribed as
q = [0] uo = [0] (35b)
The unknowns to be determined are
Vo = [V,V3]
Vo = [v1,0s] (36)

Q0 = = [QO]
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Using (85) and (36) in Eqs (1--8), we obfain
Vi = Uy — b Vy = —p/2
vy = Uy + b vy = v/2 (37)
Qo = Iho/2(I + Mb?

The results in (37) show that after the initial contact the
two vehicles are effectively rotating around the CMC at rate
s, although they are not rigid but are approaching each other
at the relative rate »

Using Eqs (35-37) in (9) and (10), we determine the im-
pulsive reaction force and torque on M as

I = [—WbQ, —M/2]
v = [(I+ Mb)Q + Mav/2))

where  is given in (37)

Continuous Maneuver

Let us first neglect the control forces # shown in Fig 5
Then (11) yields the simple result V¢ = g  Since the linear
motion of the CMC is of little interest here, we will not con-
sider this equation further

The equation for determining the angular velocity of the
upper vehicle (in fact both vehicles for this case) is furnished
by (17) We assume that the lower vehicle is pulled toward
the upper vehicle at the constant rate v, the same value as at
t = 0+, while the reclative angular velocity between the
vehicles remains zero  Then the functions q(f) and u(f) are

q(t) = [0,—(2b — »t)] uw(®) = [0] (38)
Then from (18, 21, and 38) there follows,
H=h= [IQ] q = [(2b — ») Q] (39)

where @ = Q(¢) is to be determined
Using (39) in (17) with e = 1, one obtains

Q2 + (M/2)(2b — wt)?] = H® = I (40)

Equation (40) gives the angular velocity of the two vehicles
during the time that they are being drawn together The
coeflicient of Q is the instantaneous moment of inertia of the
two vehicles about the CMC; since it is decreasing as the
vehicles approach each other, @ must increase to preserve the
system angular momentum— a well-known effect Introduc-
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Fig 6 Example 2: a) initial contact, b) continuous
maneuver, c) latching

ing 8 as the attitude angle § = Q, then
T

or = j; Qdt (1)
where 07 is the total attitude change of the two vehicles as
shown in Fig 4c, T is the docking time such that

yT =2 — D (42)
and D is the transverse dimension of each vehicle as shown in
Fig 5

Substituting for £ from (40) into (41) and integrating, we

obtain

[ He _ [re2b — D):I -
9r = I:Mrgu] tan [—2”2 D O <tan—t < 7/2) (43)

where r, = (I/M)V2is the radius of gyration for each vehicle
Equation (43) shows first the result that 87 is directly pro-
portional to the initial system angular momentum H,¢ This
implies that rather tight terminal guidance and control re-
quirements may be necessary to minimize relative vehicle
rates (and hence system angular momentum) at the initiation
of docking More likely, control torques would be required in
this case for main vehicle stabilization during docking
Equation (43) also shows that the total attitude change 67
is inversely proportional to the docking rate » From (42),

CONTACT
AND
LATCHING
PQINTS
P\
© B MI l__»__ o Us N
3. / Ey
// E3
Uo,
2
/ml

Fig 7 Detailed configuration for example 2
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for given dimensions b,D, the docking time is also inversely
proportional to », so 67 is directly proportional to the docking
time This 1esult is reasonable, since from Eq (40), Q(#) in-
creases monotonically from @ given by (37) to Qr = H,¢(2I 4-
MD?*2)7* independent of » Hence, if the docking in-
terval is stretched out to a longer time, a larger attitude
change must result

Finally, it is interesting to examine the possibility of intro-
ducing control torques to reduce the attitude change Con-
sider proportional control forces F always parallel to the main
vehicle longitudinal axis (Fig 5) such that

F = — (kb + ko) (44)

acting through lever arms L
Including two forces and noting (40), we find that Eq (16)
then yields

(d/d)(1°Q) = —2L(ke0 + ko) (45)

where 1€ =1¢ (t) = 21 + (M/2)(2b — »t)? )
Carrying out the differentiations in (45), noting § = €, and
rearranging, we obtain

IG + [Kq ~ Mv(2b — v)]0 + K6 = 0 (46)

where Ko = 2Lks, Ko = 2Lke, and the initial conditions are
8 = 0, 8, = Qo which is given by (37)

For a given configuration, solution of (46) determines 8(¢)
as a function of the attitude and rate gains Kj, K for a given
docking rate Note that, according to (45) I¢, the coefficient of
fis a function of time as is the coefficient of # Further, since
the control forces # would be rocket forces, then the values of
M and I are decreasing as mass is expelled However, this de-
crease will be negligible and constant values for M and I can
be assumed

Latching

We will consider the latching dynamics only for the case
where the control force ¥ is zero Thus the vehicles are ap-
proaching each other “bioadside” at a relative speed » and at
the same time are rotating with an increasing rate Q given by
(40) At time 7 the latching mechanism must null the relative
velocity It is intuitively clear that the forces which ac
complish this wiil not affect the existing angular velocity Qr,
but this is simple enough to verify using Eq (40) at ¢t = T,
which equation is equivalent to (29) in this case Thus the
angular rate of the system after latching Q¢ is

Q¢ = Ho®/I:° = HC/(2I + MD%*/2) = Q, 47)

Hence, until further torques are applied, the two vehicles will
rotate together at Q¢

The latching forces and torques can be obtained from (31)
and (32) We obtain first the vectors

(.1'1’ = [QrD,y] Ry

Q¢ = [Eq (47)] P,
Substituting (48) in (31-33) yields

I. = [0, M»/2]

T, = [—Mva/2]

Note that =z is zero if distance ¢ is zero  This simple conclu-
sion, as well as cthers which can be drawn from the preceding
results, would be of direct interest to a mechanical engineer
considering the design of the proposed docking system or one
similar to it

[0,D/2]

48
[—a,D/2] “

Example 2

For our second example we consider the system of Fig 6
Here we have a front-to-back docking arrangement The
smaller vehicle initially butts against the larger one as shown
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in Fig 6a The docking mechanism here is required to rotate
the smaller vehicle as in Fig 6b into final alignment with the
larger one prior to the latching shown in Fig 6¢  In the gen-
eral case there can be a displacement error between the con-
tact point and the latching point, in addition to the attitude
error &, shown in Fig 6a However, we will consider the case
where only & is nonzero while the contact point is coincident
with the latching point Only the two-dimensional problem
will be examined

Figure 7 details the geometry and initial conditions It is
assumed that at the time of contact both vehicles are nonro-
tating and have velocities Us,uo along their respective longi-
tudinal axes, and that vehicle m is misaligned by angle &
The docking mechanism here is supposed to effectively seize
the tip of m and pin it rigidly to M, while at the same time a
mechanical torque is exerted on m to initiate the rotation to
the latching attitude When this is achieved, the latching
mechanism will null any relative rates at this time

Initial Contact

We use the notation of Eqs (34), where the coordinate sys-
tem is indicated by the unit vectors E,, E,, and E; in Fig 7
Comparing Figs 1 and 7, the initial data are

U, = [U,,0] P = Jq,0]
to = [up cosdyp,uo sind] p = [—b cosdy,—b sindy] (49a)
Ag = 2o = [0]
The initial relative motion is prescribed as
4. = [0,0] % = [—ml (49D)

The masses and inertias of the two vehicles are M, I, and m,
i, respectively, as shown in Fig 7 The unknowns to be de-
termined are

Vo == [V3,Vs] Vo = [vg, 03]
(50)
Q = [Q] @ = [Q — wl
Using (49) and (50) in Eqs (1-8), one obtains
V, = (1 + 6) —I[Uo + euq cosdy — Gb(Qo — ,uo) Sin50]
Ve = e(1 + €)™ ug sindo + al + b(2 — o) cos ] (51a)
a
vy = (1 + € [Us + eup cosby + b(Qy — o) sindg]
va = (1 + € "Heup sindy — ay — b(Qo — uo) cosdy]
where ¢ = m/M and Q, is determined from the equation
I = topo + H® (51b)
where
I =1+ 1+ m@ + ¢ a? + b2 4+ 2ab cosdy), the
moment of inertia of both vehicles about the
CMCatt=0
% = ¢+ m( 4+ ¢)~b(a cosdy + b)
H¢ = —m(l + ¢ "Laus + bU,) sindy, the angular momen-

tum of the system with respect to the CMC at
t = 0 for the assumed initial conditions [For
other initial conditions the mathematical expres-
sion for Ho® will be different but its physical sig-
nificance in (51b) remains the same ]

From (9) and (10) the impulsive force and torque at the
contact point are

I. = [M(V, — Up),MV,] = [IQ% + MVl
where V3, Vs, and Q are given by FEqgs (51)
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Continuous Maneuver

Here we consider the external forces always to be zero
Thus Eq (11) yields the simple result that V¢ = g during the
docking As with the first example, we will not pursue this
equation further The rotational equation for the main ve-
hicle is furnished by (17) For the continuous relative motion
of m we will consider the case where § = const = —puy, ie,m
is rotated into alignment with M at a constant rate equal to
the rate prescribed at the conclusion of the initial contact
Thus the relative motion of m during the second phase is de-
scribed by

q = [— (o 4+ b cosd), —b sind] (52a)
v = const = [—po)
where

= §(8) = G — ot (52b)

and where § is positive as in Fig 6b
Using (18), we form H and h, and using (21) we form q
Note that

4’ = bue[—sind, cosd] (52¢)
Substituting the foregoing in (17) yields
I = 2o + He (53)

where

I = I+14 m(l + ¢ ~[a?+ b2+ 2ab cosd(t)], thein-
stantaneous moment of inertia of the system
about the instantaneous CMC

ity = ¢4+ ml -+ € ~bla cosd(t) + b]

He¢ = the same as in (51b) [Note the similarity be-
tween (53) and (51b) In fact, (53) at ¢ = 0 be-
comes identical to (51b), a result which is clear
physically ]

Equation (53) determines Q(¢) during the second phase,
0 < t < T, where T is the docking time such that

8o — T =0 (54)

Now introduce attitude angle # such that 6§ = Q)
Then the total attitude change of the main vehicle during the
second phase is

T
or = fo Qdt (55)

Substituting for © from (53) and carrying out the integra-
tion, we obtain, after simplification,

Or = (8/2) + (/1) [(2H/ mo) + 1] X
tan ~t[(11/1 ) tan(8o/2) ] (0 <tan™l < w/2) (56)

where
L= [+ 9+ 20 + dm(l + O-1a? + b9 +
m2(1 + E) —2(a2 — b2)2]1l2
I, =1—1+md+4 ¢ 1b? ~ a?)
I¢ = I°)ier

where I¢(¢) is given under (53)

Inspection of (56) reveals first that if H¢ were zero and also
if{=1,b=asothatl, = 0, then 7 = (60/2); i e, with re-
spect to inertial space each vehicle would rotate half the
initial attitude error Further, if HoC is zero, 07 is independent
of the docking rate po, and then 8 will be greater than or less
than (8,/2) according as Iy, > 0 or [, < 0

From the definitions of I1, I, and I+° it is not difficult to
establish that {Io|/I; < 1 and I;/I+¢ <1 From the latter
condition it follows that the tan=' in Eq (56) is <(8,/2)
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Thus again, if Ho¢ = 0, it follows that even if I, < 0, 67 > 0,
the case depicted in Fig 6 This is consistent with (53),
which shows Q(£) always > 0 during the docking if H¢ = 0 1f

Finally, if H,¢ is not zero, then its contribution to 6z isin-
versely proportional to the docking rate yy A similar result
was noted in example 1  With #r determined, the attitude
change for m is (fr — &), positive in the counterclockwise
direction

Latching

For the assumed docking maneuver, vehicle m will still
have the constant relative rate yo when the vehicles are ready
for latching; this rate must be nulled by the latching forces
and torques

The final angular rate of the rigid system can be determined
by formal application of Eq (29), but since external torques
have always been zero it follows immediately that

Q7€ = H¢/I (57)

where I 7¢ has been noted under (56)
The latching impulsive force and torque are given by Eqgs
(31) and (32) The vectors needed here are

4r = [O,buo — (e + b)Qr]

Q¢ = [asin (57)]
(58)
Rr = [e(l + &7'(a + b),0]
PL = [a70]
where Qr is obtained from (53) applied at ¢ = T, namely,
I°Qr = topg + HoC (59)

where tr = i(f)];.r, where ¢(f) is given under (53)

Combining Eqs (58) and (59) into (31) and (32) and sim-
plifying, one obtains

I = [0,m(l + € (m/Iz9) (bl — ai)]
[~ (uo/Te){Ie + m(l + &~ + a%)}]

Equation (60) shows the interesting result that the latching
force is zero if (b/a) = (i/I) However, the latching torque is

(60)

Il

TL

11 For the specific initial conditions of (49a), H¢ < 0 as given
in (51b) Thus whether 67 2 0 for this case depends strongly on
the magnitude of uo
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zero only if the closing relative angular rate is zero, a result
which is entirely reasonable

Appendix

We consider briefly a modified set of dynamical conditions
for the contact phase Specificially, suppose the main ve-
hicle mechanism which torques the rendezvous vehicle acts
relatively slowly so that the assumption of an initial torque,
as required by the prescribed wo, is no longer justified In-
stead, let us replace the prescription of wy by the condition
that the initial impulsive concentrated torque is zero Of
the original system of Eqs (1-4), (1) and (3) remain while (2)
and (4) are replaced by the condition of angular momentum
conservation for each vehicle with respect to an inertial point
coincident with the contact point This follows since the
contact torque is now zero, and the contact forces have a zero
lever arm with respect to the contact point It was precisely
the existence of the contact torque in the original Eqs (1-4)
that implied the conservation of angular momentum only for
the entire system and not for each vehicle separately Equa-
tions (1), (3) and the new Eqs (2) and (4) will again determine
the final dynamical variables Vg, vo, Qo, @ and hence the initial
relative angular velocity (wo — Qo) Then in prescribing the
angular velocity w() during the second phase, kinematical
consistency requires that

limu(f) = @ —
t—0+

as just determined
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